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Analysis of Unsteady Forced Convection
in Turbulent Duct Flow
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The results of a theoretical analysis and experimental study of unsteady forced convection with turbulent
flow in the thermal entrance region of a circular duct, subjected to a periodically varying inlet temperature,
are presented. The related unsteady energy equation for the thermal entrance region is analytically solved under
a general boundary condition of the fifth-kind, accounting for the effects of both external convection and wall
heat capacitance. Together with empirical models for expressing both eddy viscosity and turbulent velocity
profiles, the generalized integral transform technique is used to provide hybrid analytical-numerical solutions
for the thermal response of the fluid with a prescribed accuracy. An experimental setup was built and used to
validate the mathematical modeling wherein the thermal response of the fluid is obtained in terms of amplitudes
and decay indices with respect to the inlet condition for fully developed turbulent flow, due to a sinusoidal
variation of the inlet temperature. Satisfactory agreement prevailed between the theoretically and experimentally
determined heat transfer characteristics for a succession of axial positions, thereby establishing the theoretical
model and numerical technique. To further enhance the model's practical applicability to engineering problems,
the analytical technique is extended in obtaining results on the effects of the modified Biot number, fluid-to-
wall thermal capacitance ratio, and the Reynolds number, on the thermal response of the fluid within the
temperature field, which are presented in tabular forms.
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Nomenclature
N x N coefficients matrix defined by
Eq. (8b)
dimensionless temperature amplitude
function defined by Eq. (12c)
coefficient defined by Eq. (7b)
fluid-to-wall thermal capacitance ratio,
(pcp)frt}/(pcp)H.L
element of matrix A defined by Eq. (8b)
modified Biot number, (hcr())lk
coefficient defined by Eq. (8d)
specific heat, J/(kg-K)
internal diameter of the test section, 2r(), m
coefficient defined by Eq. (7c)
outside heat transfer coefficient, W/(m2-K)
equivalent heat transfer coefficient between
wall and ambient fluid at temperature TV,
(\lh + L/*,,)-', W/(m2-K)
imaginary part of complex value in Eqs.
(12c) and (12d)
imaginary number, V- 1
thermal conductivity, W/(m-K)
tube wall thickness, m
number of terms in series
norm of eigenvalue problem defined by
Eq. (6c)
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Pr = Prandtl number, (alv)
Re = Reynolds number, (uDh)lv
Re = real part of complex value in Eqs. (12c) and

(12d)
r = radial distance, m
r() = internal radius of the test section,

(D/,/2), m
T = temperature, K
T-,. = ambient temperature, K
/ = time variable, s
U(R) = dimensionless velocity profile
u = mean velocity, m/s
u(r) = velocity profile across the duct, m/s
Z = dimensionless axial distance,

(zlDh)(Dhlr()y-IRePr
z = axial distance, m
a — thermal diffusivity of the fluid, m2/s
/3 = frequency of inlet oscillations, Hz
AT = temperature amplitude, K

inlet temperature amplitude profile
dimensionless inlet temperature amplitude
profile

8llk = for n = k, 8/lk = 1; for n ± k, 8,,k = 0,
Eq. (8b)

e = difference between two values, %
@,s ,,(Z, T) = dimensionless fluid bulk temperature

defined by Eqs. (13a) and (13b)
nth eigenvector for Eq. (8a)
quasisteady dimensionless temperature
defined by Eq. (4a)
dimensionless temperature defined by
Eq. (la)

A,, = nth eigenvalue of Eq. (8a)
jjik = eigenvalue of Eq. (5a)
v = dynamic viscosity of the fluid, m2/s
p = fluid density, kg/m3

r = dimensionless time, (at)lr^

Z) =

Z, r) =
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</>Is,r(z) = phase lag defined by Eq. (12d)
t/> = eigenfunction of /cth eigenvalue defined by

Eq. (5a)
fi = dimensionless inlet frequency, (/3r(

2,)/a

6 = bulk temperature
c = centerline of the duct
cs = complete analytical solution
/, w = fluid, wall
Is = lowest-order analytical solution

Introduction

T URBULENT forced convection in ducts is of great in-
terest, as they occur frequently under normal operating

conditions for a wide variety of engineering applications, par-
ticularly in heating and cooling devices. In heat exchanger
applications, the unsteady behavior of temperature distribu-
tions can reduce the thermal performance and induce high-
level thermal stresses, resulting in catastrophic equipment
failure. Therefore, it is important that prior knowledge of
temperature and heat flux distributions in unsteady forced
convection be known, particularly in turbulent forced con-
vection. This comprehension will permit accurate design of
control systems, in addition to providing precise predictions
of the thermal, hydraulic, and dynamic analysis of the per-
formance of heat exchange equipment.

A number of research works recently have been reported
on transient forced convection inside ducts and channels, es-
pecially in laminar flow where the literature can be considered
satisfactory, since several papers are available in the open
literature on both theoretical analysis and experimental stud-
ies. In some of these reported studies, the initial transients
are neglected and quasisteady solutions of temperature dis-
tributions are used to provide the thermal response of the
system under periodic disturbance. Some applications have
led to the solutions of complex eigenvalue problems that are
not of the conventional Sturm -Liouville type, with the main
tasks being finding solutions for the complex eigenvalues and
eigenfunctions.

Sparrow and de Farias1 presented an analysis to the periodic
forced convection problem in a parallel-plate channel with
sinusoidally varying inlet temperature and slug flow velocity
profile, while considering the effects of wall conjugation. Kakag
and Yener2 obtained an exact solution to the transient energy
equation in a parallel-plate channel for a sinusoidal variation
of the inlet temperature and slug flow velocity profile. Later,
Kakag3 obtained a general solution to the transient energy
equation subjected to a constant wall temperature or zero
wall heat flux boundary condition. The effects of a spatially
variable velocity profile were accounted for in the work of
Cotta and Ozisjk,4 where the generalized integral transform
technique was employed to provide analytical solutions. Later,
Cotta et al.5 solved the slug flow problem for circular tubes'
and parallel-plate channel2 by developing an approach for
complex transcendental equations, and presented accurate
results for the related eigenvalues. Ding6 designed and built
a setup and carried out some experimental research. Later,
Kakac, et al.7 compared the experimental findings6 with the-
oretical studies for the variation of temperature amplitudes
at the centerline of a rectangular duct, subjected to a sinu-
soidal variation of the inlet temperature under a general fifth-
kind of boundary condition, wherein satisfactory comparisons
were reported.

Guedes and Cotta8 used the generalized integral transform
technique to solve analytically the transient problem of con-
jugated convective-conductive heat transfer in laminar flow
within a parallel-plate channel under periodic variations of
the inlet temperature. Scofano Neto and Cotta9 extended the
ideas in the generalized integral transform technique to obtain
analytical solutions for periodic forced convection problems

with laminar-laminar and laminar-turbulent flows in con-
current and countercurrent double-pipe heat exchangers. Brown
et al . l ( )~1 2 carried out a series of experimental and numerical
studies on transient laminar and turbulent forced flow inside
the thermal entrance region of circular tubes, subjected to
periodic variations of inlet temperature under the first-kind
of boundary condition. Based on the cases studied, Brown et
al 10 12 prOpOse(j an experimentally derived semi-empirical
model for correlating the variation of inlet temperature am-
plitude under steady sustained periodic conditions, for a spec-
ified range of Reynolds numbers and frequency of inlet os-
cillations. Santos, and Cotta13 made use of the generalized
integral transform technique to provide an analytical ap-
proach to the solution of laminar forced convection inside
externally finned circular tubes, subjected to periodic varia-
tions of the inlet temperature under a general third-kind of
boundary condition and Biot number varying axially. In con-
trast to laminar flow and its relevance, the literature on tur-
bulent studies remained limited. Quite recently, however,
Guedes et al.14 contributed to the understanding of conju-
gated periodic turbulent forced convection, through extension
of the ideas in the generalized integral transform technique
for the parallel-plate configuration.

In the present study, unsteady forced convection with tur-
bulent flow inside the thermal entrance region of a circular
duct for a periodic variation of the inlet temperature, sub-
jected to a general fifth-kind of boundary condition is theo-
retically and experimentally studied. In establishing the the-
oretical approach, together with the generalized integral
transform technique, the fully developed velocity profile is
expressed by a three-layer empirical correlation,15 while the
eddy viscosity is defined by a two-layer algebraic model.16 To
assess the accuracy and validity of the present theoretical
models, analytical solutions for variation of centerline tem-
perature amplitudes along the duct are compared with the
experimental findings at various values of Reynolds numbers
and inlet frequencies.

Theoretical Analysis
We consider unsteady forced convection with turbulent flow

inside the thermal entrance region of a circular duct subjected
to a periodic variation of the inlet temperature. The thermal
response of the fluid to the periodic inlet heat input is sought
after the initial transients have disappeared. The effects of
axial conduction, free convection, and viscous dissipation within
the fluid are neglected. Furthermore, assuming that the ther-
mophysical fluid properties remain constant, the unsteady
energy equation in the thermal entrance region can be written
in dimensionless form as

dr

, z,
dZ

for 0 < / ? < ! , Z > 0 , r > 0 (la)

with boundary and inlet conditions given, respectively, as

. z. T)
dR

for Z > Q

= !, Z > 0, r > 0

Z, r) - Ae(#)£"ilT at Z = 0, 0 <

(Ic)

r>0
(Id)
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where the various dimensionless groups are defined as

T(r, z, t)S(R, Z, r) =
AT,.

(2a)

(2b)

(20
with e,,, being the turbulent eddy viscosity, and u+ the fully
developed turbulent velocity distribution as predicted by the
algebraic turbulence model of von Karman15 (see Appendix).

Since the present application is concerned only with solu-
tions for large times (i.e., after the initial transients have
disappeared), a periodic solution to problem (1) is assumed
as

z, r) - (3)

With this approach, an initial condition is not necessary since
the solution to the steady-state part of the unsteady temper-
ature response 0(/?, Z) is sought and system (1) is reduced
to

(4a)

(4b)

0< fl < 1, Z>0

with boundary conditions expressed as

, Z)
= 0 at R = 0 for Z > 0

dR

at R = 1 for Z > 0 (4c)

0(/?, Z) - A0(7?) at Z - 0 for 0 < R < 1 (4d)

The complete numerical solution will depend on the accurate
evaluation of eigenvalues and eigenfunctions of the corre-
sponding complex nonclassical Sturm-Liouville problem, due
to the complex quantities appearing in both Eqs. (4a) and
(4c).

To avoid the complex eigenvalue problem, one can consider
the following auxiliary problem:

_ d _
~dR fjL2

kRU(R)il/k(R) = 0, 0 < R < 1
(5a)

with boundary conditions

dR

dR

= 0 at R = 0

= 0 at = 1

(5b)

(5c)

where ^k(R) and jmk are the eigenfunctions and eigenvalues,
respectively. System (5) is solved by the recently advanced
sign-count method,17 IS which provides safe, guaranteed, and

automatic computation of as many eigenfunctions and eigen-
values as desired.

With the present approach, the auxiliary eigenvalue prob-
lem of system (1) allows definition of the integral transform
pair for the function 0(/?, Z) as

(6a)

where a symmetric kernel has been defined, and the nor-
malization integral is expressed as

- f RU(R)t2
k(R) dR

Jo
(6c)

The integral transformation of the problem is obtained by
operating on Eq. (4a) with

f
Jo

dR

to yield a relationship for the temperature field. By manip-
ulating the boundary conditions, Eqs. (4c) and (5c), and using
the inversion formula it can be shown that

= 0 (7a)

where

-f j R*l>k(R)il/,,(R) dR (7b)
Jo

while the inlet condition Eq. (4d) is operated on with

to yield

= P
jo

(7c)

System (7) forms an infinite set of coupled, first-order,
linear ordinary differential equations, and a closed form so-
lution is unlikely. However, it can be truncated to any suf-
ficiently large order N and solved to the desired accuracy once
the related matrix eigenvalue problem has been evaluated for
the eigenvalues and eigenfunctions (©|, ©J, . . . , 0,"!") of
the N x N coefficients matrix A, where

(A - A,,/)© + - 0 (8a)

with / being a N x N unit matrix, and

A = {ank} and ank = dnktft + iQ>A,lk (8b)

The complete solution is then constructed from a linear com-
bination of independent solutions expressed, respectively, as

Wk(Z) = "z, (A: = 1, 2, 3, . . . , (8c)
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in which @ £„ is the kth component of the nth eigenfunction
and the constants C,, are determined from the inlet condition
Eq. (7c), as

E C,,®L = /*, (* = 1, 2, 3, . . . , N) (8d)

System (8) can readily be solved through well-established
algorithms for complex problems available in such reliable
scientific subroutine packages as the IMSL Library.19 Once
the solution vector Eq. (8c) is obtained at any desired axial
position, the inversion formula Eq. (6a) is utilized to produce
the complete solution for the temperature field.

As shown in a previous contribution by Santos and Cotta,13

approximate or lowest-order analytical solutions are readily
obtainable from an inspection of the coefficients matrix struc-
ture by retaining only the main-diagonal elements [i.e., letting
k = n in the infinite summation of Eq. (7a)]. This "so-called"
lowest-order analytical solution will be sufficiently accurate
for most practical purposes within certain ranges of the pa-
rameters governing the relative magnitudes of the main-di-
agonal elements in the coefficients matrix structure A with
respect to elements off the main diagonal. For the present
application, this approximation is especially applicable when
small values of the dimensionless frequency of inlet oscilla-
tions (i.e., for O < 5) and large values of the fluid-to-wall
thermal capacitance ratio a* are encountered.

When the main-diagonal elements are quite dominant over
those off-diagonal elements the approximate, decoupled, or
lowest-order system to be solved is written as1320

d0,,A(Z)
dZ = o (9a)

with

&h.*(0) = A (9b)
System (9) has an explicit solution of the form

C^(Z) - A exp[-Gu2 + /04,,)Z] (10)

and applying the inversion formula, the thermal response of
the fluid within the temperature field can now be stated as

(11)

From the definition, the dimensionless temperature along the
centerline of the circular duct can now be expressed for the
present application as

is.,(0, Z) =
k = 1 /V k

/04A.,)Z] (12a)

which is written in polar form after the time dependence is
incorporated as

, Z, r) - (12b)

where the subscripts "Is, c" indicate values derived from the
lowest-order analytical technique obtained along the center-
line of the circular duct, while A^C(Z) and c/>ls r(Z) are the
amplitudes and phase lags, respectively, with respect to the
inlet condition and expressed as

= {Re2[0,8,,(0, Z)] + Im2[€)ls,c.(0,
_ , flm[0l8,c(0, Z)]</> l s r(Z) = tan

lRe[0IS,f(0, Z)]

(12c)

(12d)

e ( 7 ~-\ls,/>(Z, T) -

or in polar form as

[r

A™

RU(R)®(R, Z, T) dR

Jo

(Z)exp{/[flr + <l>^h(Zy

with "Re" and "Im" being the real and imaginary parts, re-
spectively.

For such practical engineering applications, as heat ex-
changer analysis, another quantity of practical relevance is
the evaluation of the local fluid bulk temperature 0ls /,(Z, r)
along the length of the tube, which is computed from its
definition as

(13a)

(13b)

Experimental System
The experiments were performed in an open-circuit suction-

type airflow system characterized with a ten-to-one (10:1)
convergence ratio bellmouth inlet and an overall effective
length of 7.55 m as shown in Fig. 1. An air filter was placed
at the entrance of the bellmouth to remove dust particles while
simultaneously aiding with flow straightening and reducing
the inlet freestream turbulence level. Laboratory air (with
controlled relative humidity and dry bulb temperature) was
drawn into the setup and passed through the flow develop-
ment (hydrodynamic inlet) section 4.57 m in length and 7.62
cm in diameter to attain its fully developed velocity profile
before entering the electric heater of uniform V-shaped con-
figuration. After leaving the heater, the flowstream entered
the thermally developing section (test section) where its ther-
mal characteristics were measured and recorded. The test
section of the setup was 3.05 m in length and 7.62 cm in
diameter. After exiting the test section, the fluid entered a
flow redevelopment section before its passage through the
orifice plate and then left the flow circuit through a blower
operated in the suction mode.

For the present application, mating ends of the various
sections were assembled with the use of rubber sleeves and
interface seals. The rubber sleeves acted as shock absorbers
and prevented the fan vibration from being propagated to the
main sections of the setup. Consistency in alignment of the
various sections was maintained by visual inspection of spirit
levels together with two pin hole parallelism light sources
mounted on the upper and lower surface of the developing
and test sections, respectively.

Experimental Procedures
Once the apparatus was assembled and sealed, the fan was

activated and the airflow rate adjusted to obtain a predeter-
mined value based on the pressure drop across the orifice
plate. The signal generator was switched on, adjusted, and
stabilized at a predetermined frequency of the inlet periodic
heat input. The power supply was then switched on and the
voltage and current levels adjusted to achieve the power re-
quired across the heater circuit. During this time, the wave-
forms of the voltage and current were visually observed on
an oscilloscope while hard-copy traces were obtained from a
calibrated three-pen strip-chart recorder as a function of paper
speed and frequency.

Throughout the investigation, the output from the signal
generator was utilized as the controlled input signal to the
power supply. This circuitry guaranteed a sinusoidal heat in-
put at the inlet of the thermally developing region (test sec-
tion). Under steady-sustained periodic inlet conditions, the
transient thermal response of the fluid was obtained from the
dynamic characteristics of bead-type chromel-constantan
thermocouples mounted along the centerline and wall of the
test section. The mass flow rate was later evaluated from the
pressure drop across the orifice plate manufactured and in-
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Fig. 1 Schematic diagram of the experimental setup.

stalled in the flow redevelopment section of the apparatus
based on ASME standards,21-22 wherein the change in physical
fluid properties due to temperature fluctuations are taken into
account. Once the mass flow rate was determined, the Reyn-
olds number in both the redevelopment and test sections were
simultaneously evaluated through an iterative procedure, ac-
counting for the effects of compressibility, expansion factor,
orifice plate diameter ratio, and the various section geome-
tries. A detailed description of the experimental setup, in-
strumentation, procedure, and data reduction techniques is
given by Ding6 and Brown.23

Experimental Uncertainty
Prior to starting the experimental investigations, all mea-

suring instruments were calibrated and compared with their
respective manufacturers' specifications. Furthermore, due to
the nature of the investigations, extra care was also exercised
when obtaining data of the various experimental parameters.
In the present work, temperature measurements are obtained
from the dynamic characteristics of standard bead-type chro-
mel-constantan thermocouples by adopting a comparison cal-
ibration method. Together with the thermocouples' dynamic
characteristics under steady-sustained periodic conditions and
the calibration polynomials, the total uncertainty associated
with temperature measurement was calculated as ±0.2°C for
the 0-100°C temperature range.

The uncertainty associated with Reynolds number was ob-
tained through the extension of an error propagation model
for thin-plate orifice designs,2122 wherein variations in phys-
ical fluid properties due to temperature changes are consid-
ered. Based on the previously mentioned model, the speci-
fications and geometry of the experimental system, the
maximum uncertainty associated with Reynolds number was
computed as ±2.63%.

Results and Discussion
In the theoretical analysis, a formal procedure is presented

for obtaining hybrid analytical solutions of unsteady forced
convection with turbulent flow inside the thermal entrance
region of circular ducts. Furthermore, it is shown that within
the periodic state two kinds of solutions are possible, namely,
complete and lowest-order, with the complete solution being
the more accurate of the two. For the complete analytical
solutions, the algebraic eigenvalue problem and the linear
system of algebraic equations are solved with the aid of sub-
routines from the IMSL Library,19 wherein the functions S(R,

Z) are obtained in the form of Eq. (6a). Once the function
©(/?, Z) has been evaluated, the axial variation in the local
fluid bulk temperature and phase lag are simultaneously de-
termined for the temperature field. In the calculation of am-
plitudes and phase lags of average temperature to four sig-
nificant figures, the number of terms N ^ 50 was sufficient
everywhere within the solution domain of the temperature
field. However, in most cases, convergence was achieved with
20-30 terms and in regions sufficiently far removed from the
very inlet, only few terms were required for convergence.

With the lowest-order analytical technique the eigenvalues
(matrix) are not computed, and in such cases the functions
of Eq. (11) are referred to as potentials ®,s(/?, Z). Therefore,
it is important to note that although the lowest-order analytic
technique will provide explicit approximate solutions, which
are useful for fast numerical computations in practical engi-
neering applications, it will only yield accurate results if the
main-diagonal elements of the coefficients matrix structure
"v4" are dominant compared to the off-diagonal elements. In
assessing the accuracy and validity of the two theoretical models,
the analytical results of the complete solutions are compared
with the experimental findings of centerline temperature am-
plitudes for steady-sustained periodic inlet conditions. For the
present application, Bi and a* were both estimated from avail-
able data based on the geometry of the experimental setup,
while the inlet temperature amplitude distribution was ex-
perimentally determined and introduced in the analytical
models. Due to the lower computational cost of the lowest-
order technique and its excellent agreement with the complete
solution, a comparison is made between the analytic results
of both models within the range of the describing variable
system parameters, thereby demonstrating the practical rel-
evance and limitations of the lowest-order technique.

In Tables 1 and 2 respectively, comparisons of the variation
in amplitudes and phase lags of the local fluid bulk temper-
ature are shown, resulting from the complete and lowest-order
analytic techniques. It is shown that the accuracy of the low-
est-order solution decreases for large dimensionless distances
and large dimensionless frequency of inlet oscillations at a
specified Reynolds number. With the complete solution being
the basis of comparison, the agreement is shown to be sat-
isfactory over the range of dimensionless inlet frequencies,
axial positions, and Reynolds numbers. The associated max-
imum deviations being 0.71% (Table 1) and 7.76% (Table
2), respectively, for variation in amplitudes and phase lags of
the local fluid bulk temperature, occurring at large times and
distances far removed from the very inlet.
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Table 1 Comparison of the complete and lowest-order solutions for bulk temperature amplitudes
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Table 2 Comparison of the complete and lowest-order solutions
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Fig. 2 Theoretical and experimental centerline temperature ampli-
tude as a function of dimensionless streamwise coordinate, i! = 0.558.

Although the previously cited comparisons are satisfactory,
the limitations to the accuracy of the lowest-order analytic
technique in the calculation of heat transfer characteristics,
resulting from the restriction imposed on the coefficients ma-
trix structure, should be recognized. The solution of the orig-
inal complex problem was transformed to the solution of an
infinite set of coupled, first-order, linear ordinary differential
equations, wherein the lowest-order solution is defined as that
which is developed from the results of the decoupled form.
If the coefficients matrix of the system of equations were a
diagonal matrix, then the system would be decoupled. There-
fore, an accurate prediction of the fluid's thermal response
within the temperature field by the lowest-order technique
can only be achieved when the main-diagonal elements are
dominant compared to the off-diagonal elements. In addition,
the diagonally dominant characteristic of the coefficients ma-
trix structure must hold for the time periods that solutions
are sought, and at all values of such describing variable fluid
parameters, as Reynolds number, frequency of inlet oscilla-
tion, and axial position.

Figures 2 and 3 show the variation in amplitudes of the
centerline fluid temperature as a function of the dimensionless
streamwise coordinate for two different inlet frequencies and
at three different Reynolds numbers. The results of the com-
plete analytic solutions (shown as solid and broken lines), are
superimposed on the experimental findings (expressed with
symbols). As illustrated in the figures, the amplitude of the
centerline temperature takes on its maximum value at the
inlet of the duct and then decreases monotonically with in-

Dimensionless Axial Distance, z[- (Z/DA) (Dh/rof/Repr]
Fig. 3 Theoretical and experimental centerline temperature ampli-
tude as a function of dimensionless streamwise coordinate. 11 = 4.464.

creasing downstream distance. The rate of decrease is ob-
served to be sharp in the immediate neighborhood of the inlet,
but becomes more gradual as the curves tend to level off and
the amplitudes of the thermal oscillations approach their min-
imum values. The extent of dropoff is shown to increase as
the Reynolds number increases, wherein an exponential trend
is observed in the decaying amplitudes of the thermal oscil-
lations along the centerline of the duct. This observation is
typical of both theoretical and experimental studies. In gen-
eral, amplitudes of the centerline fluid temperature are ob-
served to be larger than those of local fluid bulk temperature
for similar axial positions and flow conditions as illustrated
in Figs. 2 and 3, and Table 1, respectively.

For the range of Reynolds numbers and frequency of inlet
oscillations considered, an overall inspection of Figs. 2 and 3
show that excellent agreement prevails between the experi-
mentally and analytically determined centerline temperature
amplitudes for a succession of axial positions along the duct.
For the majority of points the agreement is within 1.5%, with
the maximum deviation being 2.3% occurring at the lowest
Reynolds number and frequency of inlet temperature oscil-
lation. The excellent agreement provides confidence in the
capabilities of the analytical models and numerical technique
in predicting the thermal response of the fluid within the
temperature field with prescribed accuracy under periodic
inlet conditions.

An inspection of Figs. 4 and 5 reveals that a linear functional
relationship characterizes the variation in phase lag of cen-
terline temperature amplitudes with distance along the duct.
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At a specified Reynolds number, the phase lag increases with
increased inlet frequencies and downstream distance. Fur-
thermore, variations in phase lag associated with centerline
temperature amplitudes are shown in Figs. 4 and 5 to decrease
with increased Reynolds number at a given value of the inlet
frequency and position along the duct. This behavior of the
fluid's transient thermal response is indicative of increased
phase lags with increased dimensionless frequency of inlet
oscillation, as shown in Table 2. For the cases considered and
at corresponding downstream distances, although a linear
function characterized the distributions of Figs. 4 and 5, it is
observed that the phase lags associated with amplitudes of
bulk temperature are less than those associated with ampli-
tudes of centerline temperature.

Consequently, if at a specified Reynolds number and in-
creasing dimensionless frequency the heat capacity of the fluid
can be regarded as a controlling factor that governs the ther-
mal response within the temperature field, then, for such cases
the thermal storage in the fluid will delay the response sensed
at each axial downstream location, with respect to the inlet
disturbance carried by the thermal oscillations. Subsequently,

for a given value of the dimensionless inlet frequency if an
increase of the Reynolds number represents an increased fluid
velocity, the fluid with a higher Reynolds number will transfer
the inlet disturbances carried by the thermal wave more rap-
idly than one with a lower Reynolds number. In such cases,
the phase lag will decrease as the Reynolds number is in-
creased at a specified frequency of inlet oscillation. This un-
steady phenomena is illustrated in Table 2 and the plots of
Figs. 4 and 5.

Conclusions
A methodology, based on the ideas associated with the

generalized integral transform technique, is presented for de-
veloping analytic solutions to unsteady forced flow inside cir-
cular ducts. To illustrate the application, consideration is given
to unsteady forced convection with turbulent flow inside the
thermal entrance region of a smooth circular duct, subjected
to periodic variations of the inlet temperature under a general
fifth-kind of boundary condition.

In assessing the accuracy and validity of the theoretical
models, the complete and lowest-order analytical solutions
for the periodic state are shown to be in satisfactory agreement
with experimental findings. The lowest-order analytical tech-
nique, although subjected to restrictions of the coefficients
matrix structure, has demonstrated its practical potential and
applicability in obtaining fast numerical computations of heat
transfer characteristics in the solution of engineering prob-
lems.

Appendix
We may empirically express the fully developed turbulent

velocity profile by a three-layer model according to von Kar-

u+ = _y 4 for the viscous sublayer, 0 < y+ < 5 (Al)

u+ = 5.0/.[(1 - R)R + ] - 3.05

for the buffet layer, 5 < y+ < 30 (A2)

for the turbulent core, y + > 30 (A3)

where y+ = 4(1 - R)ReVf/8 and R = 1 - (y+/R + ).
For turbulent convective heat transfer, it is essential to

know the eddy viscosity sm and the thermal eddy diffusivity
eh. In this analysis, a two-layer algebraic model is applied,
and the eddy viscosity is expressed as

v E
for y + < 40

while

ejv =

- 1) - Ku+ - 21 3!

(A4)

- R2)(l + 2R2) for y+ >40 (A5)

where the model constants are respectively given as K = 0.407
and E = 10.0 by Spalding16 and the turbulent Prandtl number
Pr, is expressed as Pr, = £„,/£,,.

According to the experiments of Larson and Yerazunis,24

for fluids with Pr = 0.70, the turbulent Prandtl number can
generally be assumed constant and taken as Pr, = 0.86.
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